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1 Introduction - aim of the work
An arithmetical function f : N → C is said to be additive if f(n · m) =
f(n)+ f(m) whenever (m, n) = 1. Such a function is completely determined
by its values on prime powers. If f(n·m) = f(n)+f(m) holds unconditionally,
then f is completely additive, and if f(pα) = f(p) is constant for α ≥ 1,
whenever p is a prime number, then f is said to be strongly additive.









for all real z. Then Fx(z) is a distribution function and we say that f has a
limit distribution, if
Fx(z) → F (z) (x → ∞),
in all z continuity points of F , where F is a distribution function as well. This
type of convergence has been called weak convergence and we will denote it
by
Fx ⇒ F (x → ∞).
It turned out, that the above property of f is equivalent to the following

















Let Ax be a subset of N such that Ax ∩ [1..x] is nonempty, with 1 < x.
Then the frequency of f on Ax is now defined by






Then one can ask if the frequencies possess a limit law or not, that is if
(1) νx(n ∈ Ax; f(n) ≤ z) ⇒ F (z) (x → ∞)
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or not with a distribution function F (z). Erdős and Wintner considered this
question taking Ax to be N (See [2] for example). Kátai and Hildebrand ([4],
[3]) investigated the case Ax = P + 1, where P denotes the set of primes.
The main topic of the thesis is to investigate this type of distribution
problems if we take
Ax = {n ≤ x : ω(n − 1) = kx},
where ω(n) denotes the number of distinct prime factors of n, and 1 ≤ kx ≤
ε(x)
√
log log x with ε(x) → 0 (x → ∞). Note that the problem of Kátai
and Hildebrand corresponds to the case kx = 1 (apart from the higher prime
powers, which have zero relative density in the set of prime powers).
An application of the results discussed in Chapter 3. allows us to give
an Erdős-Kac type Theorem in Chapter 6. which seems to be stated in the
literature only for fixed k, and with further strong restrictions on the set Ax
(See [1]).
Further notations in this summary: the set of positive integers having k
distinct prime factors is denoted by Pk. The set of numbers in Pk not larger
than x is denoted by Pk(x). The number of integers in Pk(x) is denoted by
πk(x). If k = 1 we suppress the suffixes.
2 Applied methods
There are several methods to investigate distribution problems arising
from number theory. One of the most important is the model of Kubilius, is
discussed in Chapter 3. The continuity theorem of Lévy allows us to transfer
questions concerning weak convergence of distribution functions into mean
value estimations for multiplicative functions of modulus one. That is, (1)









exists for all real t, and the function ψ(t) defined by the value of this limit
is continuous in t = 0. In this case the characteristic function of F equals
to ψ of course. This method was used in Chapter 4. Although the necessary
mean value estimations are done here, in Chapter 5. there are more general
results. The method used here, which is present in Chapter 4, and Chapter
6 also allows us to transfer the problem from the set Pk to the set of shifted
primes.
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In Chapter 6. the method of Chapter 1. is used in the combination
with the method of Chapter 4. In Chapter 4. we prove the necessity of the
Erdős-Wintner condition using the method of Hildebrand (See [3]).
3 Results
3.1 Results of Chapter 2.
In this Chapter we prepare the necessary results concerning the structure
of the set Pk. A relevant condition we will work with is the following: let
ε(x) be a function such that ε(x) → 0 as x → ∞. We say that k has property
A(ε, x) if 2 ≤ k ≤ ε(x)√log log x. Suppose that n is in the form
n = pr11 p
r2









(j = 1, . . . , k − 1).
The first result we prove, shows that for almost all integers in Pk the size of
the j + 1-th prime factor is large in terms of the product of the first j prime




then we have the following
Lemma 1. Suppose k has property A(ε, x) and let M = Mx be defined by
log log M =
√
log log x. Then there exists a sequence Ax, depending at most
on ε(x) with Ax → ∞ as x → ∞ such that
Δ(πk) ≥ Ax,
and
r1 = r2 = · · · = rk = 1, p1 > M
holds for all but o(1)πk(x) element of Pk(x) as x → ∞.
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3.2 Results of Chapter 3.
The main result of this chapter describes the probabilistic nature of ad-
ditive functions on the set of shifted primes.
Lemma 2. Let f(n) be a real strongly additive arithmetical function, x >






for some r ≤ xσ. Let
KD(x) = {Dp + 1 ≤ x : p ∈ P}.
Then with an arbitrary constant A > 0 we have




Xp ≤ z) + O(exp(− log x
log r
) + log−A x)
uniformly for all 1 ≤ D ≤ x1−σ, where for all primes p the Xp’s are inde-
pendent random variables over some appropriate probability space (Ω,A, P)
defined by their distribution as
Xp =
{
f(p) with probability 1
ϕ(p)
0 with probability 1 − 1
ϕ(p)
.
3.3 Results of Chapter 4.
The corresponding Erdős-Wintner theorem is as follows:
Theorem 1. Let f be a real additive function. Let
Fk,x(z) := νx(n ∈ Pk + 1; f(n) ≤ z).
Assume that there is a sequence k = kx, for which all the terms have the
property A(ε, x), and a distribution function F such that Fk,x ⇒ F . Then
the Erdős-Wintner condition holds.
Conversely, assume that the Erdős-Wintner condition holds for f . Then
with a distribution function G we have
max
2≤k≤ε(x)√log log x
|Fk,x(z) − G(z)| → 0 (x → ∞)
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for all z continuity points of G. Consequently F = G.




(1 + h(p)) ,
where
h (p) = − 1







To prove this result we use a generalization of the result of Kátai for
DP + 1, which is the following
Theorem 2. With the notations of the above theorem, let f be a real additive























































|ϕD,x (t) − ϕD (t) | → 0 (x → ∞),
uniformly for all bounded values of t, i.e. if |t| < T , T is an arbitrary
constant.
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3.4 Results of Chapter 5.
One is able to give general mean value estimations in the following form:
Theorem 3. Let f(n) be a multiplicative function of modulus 1. Let fur-






























+ o(1) (x → ∞)
uniformly for all D ≤ xε with (d, D) = 1, where 0 ≤ ε < 1.
As an application of Theorem 3 we are able to analyze the mean behavior
of multiplicative functions on the set Pk + 1 in some cases.
Theorem 4. Let g(n) be a multiplicative function of modulus one, such that



























+ o(1) (x → ∞)
uniformly for all k having property A(ε, x).
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3.5 Results of Chapter 6.
In this section we give the relevant Erdős-Kac type results. The distribu-
tion function G(z) stands for the Gaussian distribution.







p − 1 → 0 (x → ∞),














νx(n ∈ Pk(x) : f(n + 1) − A(x)
B(x)
≤ z) ⇒ G(z) (x → ∞)
uniformly for all k having property A(ε, x).
With the notations of the above theorem, we say that f(n) belongs to





→ 1, B(x) → ∞
as x → ∞. This class of functions was introduced by Kubilius. We proceed
similarly as in the previous chapters. First we prove the following








and let δ(x) be a sequence tending to zero arbitrary slowly. Furthermore let
0 < σ ≤ 1 and let
(Tδ(x) =) T (x) = {D ≤ x1−σ : BD(x) = B(x)(1 + O(δ(x)))}.
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νx(n ∈ KD(x) : f(n) − AD(x)
BD(x)
≤ z) ⇒ G(z) (x → ∞)









→ 0 (x → ∞)
uniformly for all D ∈ T (x).
A direct consequence of Theorem 5 is the following
Corollary 1.
νx(n ≤ x, ω(n) = k : ω(n + 1) − log log x√
log log x







uniformly for all k having property A(ε, x).
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